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Abstract
We consider a game-theoretic power control algorithm in interference limited fading channels, where we propose a
distributed (non-cooperative) algorithm to optimize the induced fading outage probability by maximizing the certainty
equivalent margin (CEM). We prove that the problem of maximizing CEM is the same (up to an upper bound) as
minimizing the induced outage fading probability, and provide a distributed game theoretic power control algorithm.
I. INTRODUCTION
The mathematical theory of games was introduced by John Von Neumann and Oskar Morgenstern in 1944 [9]. In the
late 1970’s game theory became an important tool in the analyst’s hand whenever he or she faces a situation in which
a player’s decision depends on what the other players did or will do. A core idea of game theory is the way strategic
interactions between rational agents (players), generates outcomes according to the players’ preferences [5],[10]. A
player in a non-cooperative game responds to the actions of other players by choosing a strategy (from his strategy
space) in an attempt to optimize a target function that quantifies the quality level, i.e. its level of satisfaction.
In a cellular communications system, users desire to have a high SIR (signal-to-interference ratio) at the BS (base
station) coupled with the lowest possible transmit power. It is very important in such systems to have a high SIR,
because this will be reflected in a low error rate, a more reliable system, and high channel capacity, which mean that
users can send at higher bit rates [6],[7]. It is also important to decrease the transmit power because low power levels
lead to longer battery life and helps alleviate the ever present near-far problem in CDMA systems [8].
In power control algorithms exploiting game theory, the tendency of each user is to increase his/her transmit power
in response to other users’ actions, leading to a sequence of power vectors that converges to a point where no user has
incentive to increase his/her individual power. This operating point is called a Nash equilibrium. In many cases, and
due to the lack of cooperation between the users (players), this point is not efficient, in the sense that it is not the most
desirable social point [4]. The most desirable social point is called a Pareto optimal point, and may be viewed as the
equilibrium point where no user can improve his level of satisfaction without harming at least one other user in the
network.
The power control problem for wireless data CDMA systems was first addressed in the game theoretic framework
in [3], then in a more detailed manner in [2] and [4]. In [1] the authors introduced a tight bound that relate the induced
channel fading outage probability to the signal-to-interference margin where the signal power and the interference
noise power were replaced by their mean. This enabled them to use Perron-Frobenius eigenvalue theory to allocate
the power in order to obtain the optimal outage probability. For a general case, when there are bounds on the trans-
mitted powers and other constraints, they showed that this problem can be posed as a geometric program. Using the
geometric program framework enabled them to solve the optimization problem of outage probability efficiently and
globally. The global solution for the optimization problem of the outage probability was based on the presence of a
centralized controller or collector to collect data about path gains between the transmitters and the receivers in the
cellular communications system.
In this paper the work in [1] to optimize the outage probability and the certainty-equivalent margin in a centralized
fashion, which dealt with Rayleigh wireless fading channels, is considered by providing a non-centralized solution.
2The remaining of this paper is organized as follows: In section II we present the system setup used in this paper. The
tight relationship between the optimization of the outage probability and the optimization of the certainty-equivalent
margin is emphasized in III. Non-cooperative power control game (NPG) is discussed in section IV. Simulation results
are outlined in section V, and our conclusions are presented in section VI.
II. SYSTEM MODEL
The system setup we are investigating is the same as that studied in [1], where the solutions for optimizing the
system outage probability and the system certainty-equivalent margin were proposed based on a centralized power
control algorithm. In this paper we propose a non-centralized power control game theoretic-algorithm for the same
system. For convenience, we cast the system as follows: Suppose we have N transmitter/receiver pairs in a cellular
mobile system. The ith transmitter is supposed to send messages at a power level pi from his convex strategy space
Pi to the ith receiver. A transmitter-receiver pair does not necessarily indicate physically separated transmitters and
receivers [1]. The received power level at the ith receiver from the kth transmitter is given by:
Gi,kFi,kpk (1)
where Gi,k > 0 is the path gain from the kth transmitter to the ith receiver. This gain may represent processing
gain, cross correlation between codes in CDMA (code division multiple access ) system. It can also, represent coding
gain, log-normal shadowing and antenna gains. Fi,k, i, k = 1, 2, ..., N are exponentially iid (identical independent
distributed) random variables with mean equal to 1 to represent the statistical power variation in a wireless Rayleigh
flat fading channel. This means that the power received from the kth user at the ith receiver is exponentially distributed
with expected value
E {Gi,kFi,kpk} = Gi,kpk
In interference-limited fading channels, the background additive white gaussian noise (AWGN) is assumed to be
negligible compared to the interference power from the users. Henceforth, the signal-to-interference ratio of the ith
user at the corresponding receiver is given by:
SIRi =
Gi,iFi,ipi∑N
k 6=iGi,kFi,kpk
(2)
SIRi is thus a random variable, a ratio of an exponentially distributed random variable to a summation of independent
exponentially distributed random variables with different means. The outage probability is defined as the probability
that the SIR of an active user, i will go below a threshold SIRth, so that for user i:
Oi = P{SIRi ≤ SIRth} = P{Gi,iFi,ipi ≤ SIRth
N∑
k 6=i
Gi,kFi,kpk} i = 1, 2, ..., N (3)
This probability was evaluated in [1] and is given by:
Oi = 1−
N∏
k 6=i
1
1 + SIRth
Gi,kpk
Gi,ipi
(4)
The outage probability of the system, O is defined as:
O = max1≤i≤N Oi (5)
Where O plays a role of a figure of merit of the cellular system and the power control algorithm.
3The certainty-equivalent margin of the ith user is defined as the ratio of his/her certainty-equivalent SIR to the
corresponding threshold SIR. Mathematically,
CEMi =
SIRcei
SIRth
(6)
where, the certainty-equivalent SIR (SIRcei ) of the ith user is defined as the ratio of his/her mean received power at
the corresponding receiver to the mean of the interference from the other users in the system, i.e.,
SIRcei =
Gi,ipi∑N
k 6=iGi,kpk
(7)
The certainty-equivalent SIR of the system SIRce is defined as:
SIRce = min1≤i≤N SIRcei (8)
Therefore, the certainty-equivalent margin of the system CEM is given by:
CEM = min1≤i≤N CEMi (9)
The CEM plays a role of yet another cellular system figure of merit for the power control algorithm and the complete
system.
III. RELATION BETWEEN OUTAGE PROBABILITY AND CERTAINTY-EQUIVALENT MARGIN
In this section we present the following proposition, which was initially stated as a comment in [1], and provide a
simple proof.
Proposition 1: The problems of minimizing the fading induced outage probability Oi and maximizing the certainty
equivalent CEMi of the ith user in a Rayleigh wireless fading channel are equivalent in terms of power allocation.
Proof: First, recall that the problem under study is to minimize the outage probability of the system in a distribu-
tive fashion, i.e., each user transmits at a power level that minimizes his/her outage probability. Mathematically,
min
pi∈Pi Oi =
min
pi∈Pi 1−
N∏
k 6=i
1
1 + SIRth
Gi,kpk
Gi,ipi
(10)
and this in turn is equivalent to
max
pi∈Pi
N∏
k 6=i
1
1 + SIRth
Gi,kpk
Gi,ipi
(11)
or
min
pi∈Pi
N∏
k 6=i
(
1 + SIRth
Gi,kpk
Gi,ipi
)
(12)
Using the monotonicity of the Logarithmic function, optimizing (12) is equivalent to solving the following problem:
min
pi∈Pi
N∑
k 6=i
log
(
1 + SIRth
Gi,kpk
Gi,ipi
)
(13)
Now, using the inequality log(x) ≤ x− 1, (13) can be rewritten as:
min
pi∈Pi
N∑
k 6=i
log
(
1 + SIRth
Gi,kpk
Gi,ipi
)
≤ minpi∈Pi
N∑
k 6=i
SIRth
Gi,kpk
Gi,ipi
(14)
4Finally, it is fairly simple to see that the right side of the inequality in (14) is exactly the same as:
max
pi∈Pi
Gi,ipi
SIRth
∑N
k 6=iGi,kpk
= maxpi∈Pi CEMi (15)
In the next section we shall study the following non-cooperative power control algorithm (NPG) to maximize the
system certainty-equivalent margin unilaterally:
NPG : maxpi∈Pi CEM
CEM =
Gi,ipi
SIRth
∑N
k 6=iGi,kpk
(16)
which will result in minimizing the system outage probability as we proved in proposition 1.
IV. POWER CONTROL ALGORITHM TO OPTIMIZE THE OUTAGE PROBABILITY
In this section we introduce a simple non-cooperative game-theoretic power control algorithm (NPG) which re-
sults in a Nash equilibrium point. Suppose N = {1, 2, ..., N} represent the index set of the users currently served
in the cell and {Pj}j∈N represents the set of strategy spaces of all users in the cell. Let G = [N , {Pj}, {CEMj}]
denote a noncooperative game, where each user chooses its power level from a convex set Pj = [pj−min, pj−max]
and where pj−min and pj−max are the minimum and the maximum power levels in the jth user strategy space, re-
spectively. Initially, the goal of this algorithm was for all users to target a constant certainty-equivalent margin, say
CEMj = CEM = constant for j = 1, 2, ..., N . In this way, all users will be satisfied with an SIR greater than their
corresponding threshold SIR. This will allow all users to use their minimum possible transmit power level and while
decreasing the interference from the other users and alleviating the near-far problem. Surprisingly, at the equilibrium
point, all users achieved a higher certainty-equivalent margin than the targeted one, and the values of CEMj and
Oj for all j = 1, 2, ..., N were very close to the results of the centralized algorithm in [1]. Moreover, we noticed that
if we increase the target CEM (equal target for all users), we ended up almost with the same values of CEM and outage
probability Oi but at higher power allocation.
Assume user j updates its power level at time instances that belong to a set Tj , where Tj = {tj1, tj2, ...}, with
tjk < tjk+1 and tj0 = 0 for all j ∈ N . Let T = {t1, t2, ...} where T = T1
⋃
T2
⋃
...
⋃
TN with tk < tk+1 and
define p to be the smallest power vector in the total strategy space P = P1
⋃
P2
⋃
...
⋃
PN .
Algorithm 1: Consider NPG as given in (16) and generate a sequence of power vectors as follows:
1) For al j ∈ N , set CEMj = CEM = 1
2) Set the power vector at time t = 0: p(0) = p, let k = 1
3) For all j ∈ N , such that tk ∈ Tj:
a) Given p(tk−1), let the transmit power pj(tk) = CEM SIRthSIRcej (tk−1) pj(tk−1)
4) If p(tk) = p(tk−1) stop and declare the Nash equilibrium power vector as p(tk), else let k := k+1 and go to 3.
In the above algorithm we assume that the BS informs the users about their corresponding SIRs, and that the channel
is known to the receiver.
V. SIMULATION RESULTS
In this paper we simulated a non-cooperative power control algorithm defined in (1) for the setup studied in [1]. The
cellular system is assumed to have N = 50 receiver/transmitter pairs. The path gains Gi,k were generated according
to a uniform distribution on the interval [0, 0.001] for all i 6= k = 1, 2, ..., N and Gi,i = 1 ∀i = 1, 2, ..., N . The
algorithm (1) was run for different values of the threshold signal-to-noise ratios (SIRth) in the interval [1, 20].
In Fig.1 we show the system certainty-equivalent margin values (CEM ) resulting from Algorithm (1) versus the
threshold signal-to-noise ratios, SIRth. While in Fig.2, we present the resulting system outage probability, O (∗)
5TABLE I
EQUILIBRIUM VALUES OF CEMi AND Oi FOR THE FIRST 10 USERS USING PERRON-FROBENIUS THEOREM AND THE NPG INTRODUCED
IN THIS PAPER AT SIRth = 3
Results using Perron-Frobenius theorem [1] NPG
i pi CEMi Oi pi CEMi Oi
1 0.1292 13.7107 0.0703 0.0100 14.9809 0.0645
2 0.1162 13.7107 0.0703 0.0100 16.6629 0.0582
3 0.1476 13.7107 0.0703 0.0100 13.0747 0.0736
4 0.1482 13.7107 0.0703 0.0100 12.9549 0.0742
5 0.1290 13.7107 0.0703 0.0100 14.9275 0.0647
6 0.1192 13.7107 0.0703 0.0100 16.3274 0.0594
7 0.1297 13.7107 0.0703 0.0100 15.0442 0.0643
8 0.1312 13.7107 0.0703 0.0100 14.6970 0.0657
9 0.1327 13.7107 0.0703 0.0100 14.4091 0.0670
10 0.1361 13.7107 0.0703 0.0100 14.2906 0.0675
average 13.7107 0.0703 average 13.7823 0.0704
versus the threshold SIR (SIRth) compared to the minimum bound 1/(1 + CEM) ( solid line) and the upper bound
1− e−1/CEM (dashed line) derived in [1]. In this figure, as one can see, the upper bound overlaps with the equilibrium
outage probability which is the output of Algorithm (1). The results shown in Fig.1 and Fig.2 happened to be very
close to the results obtained in [1] at a lower power allocation. This is obvious as one see from table I and table II.
In these tables we are showing CEMi and Oi for the first 10 users as evaluated by the Perron-Frobenius theorem in
[1] and as equilibrium outcomes of the NPG. The averages of CEMi and Oi presented in the tables are calculated
for all users in the system. We observed that the average value of CEM obtained through NPG was higher than that
obtained by the Perron-Frobenius theorem for all values of SIRth. The average value of O obtained through NPG
was sometimes less and sometimes higher than that obtained by Perron-Frobenius theorem. We need to keep in mind
that using Perron-Frobenius theorem requires a central controller or collector to collect data about the gains from the
transmitters to the receivers, Gi,k, i, k = 1, 2, ..., N , while in NPG we just need the receiver in the BS to inform the
users of the certain-equivalent SIR (SIRce).
VI. CONCLUSIONS
We proved the tight relationship between the two problems: minimizing the system outage probability and maxi-
mizing the system certainty-equivalent margin. We then proposed an asynchronous distributed non-cooperative power
control game-theoretic algorithm to optimize the system certainty-equivalent margin and the system outage probability.
Power was more effectively and more simply allocated according to this proposed non-centralized algorithm than the
centralized algorithm in [1].
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